In this paper we prove that a free product of conjugacy separable groups A and B, amalgamating a cyclic subgroup, is conjugacy separable if A and B are subgroup separable, cyclic conjugacy separable, 2-free, and residually p-finite, for all prime numbers p. The following result is an example of the applications we obtain as consequences of our main theorem. Let A and B each be a free product of surface groups, amalgamating a maximal cyclic subgroup. Then a free product of A and B, amalgamating a cyclic subgroup, is conjugacy separable.
INTRODUCTION
A group is called conjugacy separable if, for every pair of nonconjugate elements of the group, there is a finite homomorphic image in which their images are not conjugate. Much of the interest in the conjugacy separability of groupsᎏespecially of those arising in topologyᎏstems from a w x theorem of Mostowski 14 , which asserts that a finitely presented and conjugacy separable group has a solvable conjugacy problem. w x Dyer 6 proved that a free product of two free groups, amalgamating a cyclic subgroup, is conjugacy separable. Such groups are sometimes called ''cyclically pinched one relator groups'' and include, for example, surface w x groups and the groups of torus knots. Tang 19 showed that a free product of two surface groups, amalgamating a cyclic subgroup, is conjugacy w x separable. Kim and Tang 10 extend Tang's result to the case in which the factors are Fuchsian groups. Fine and Rosenberger first established the w x conjugacy separability of Fuchsian groups in 7 .
In this paper we prove the following general theorem. A group is said to be 2-free if every pair of its elements generates a free subgroup. Cyclic conjugacy separability requires that any cyclic subgroup can be separated from any disjoint conjugacy class by a homomorphism onto a finite group.
From our main theorem, we are able to deduce a number of corollaries as applications of the result. The results of Dyer and Tang mentioned earlier follow as consequences of our main theorem. We are also able to obtain several interesting new results. Consider groups of the form
where the amalgamated subgroups U, V, and H are all cyclic. Using the main theorem, it is not too difficult to show that, if A , A , A , and A 1 2 3 4 are all free groups, then G is conjugacy separable, provided that U and V Ž . are maximal cyclic Theorem 4.1 . With a little more work, we can show that the same thing is true if, instead of free groups, the A are assumed to i Ž . be surface groups Theorem 4.3 . Moreover, it is possible to mix the types of the factors. A group of the form
in which each of A , A , and A is either a free group or a surface group, 1 2 3 and in which one of U and V is maximal cyclic, is conjugacy separable Ž . Theorem 4.4 .
PRELIMINARIES
In this section, we explain the background material needed to understand the rest of the paper. Proofs of most of the results in the first part of this section are available in the cited literature. For general background on w x combinatorial group theory, please see 11, 12 . A 
² :
Let G be an arbitrary group. If S is a subset of G, then S denotes the ² :
G subgroup of G generated by S, while S denotes the normal closure of S in G. If a and b are elements of G, then we write a ; b to indicate S that b s s y1 as, for some s g S; that is, a and b are conjugate by an element of S. If N is a normal subgroup of G, we often denote the quotient group GrN by G, in which case, for an element g of G, the coset gN is denoted by g. When it is convenient to do so, we may make no mention of N, and merely refer to a homomorphic image G of G. In this case, g refers to the image in G of an element g of G under some Ž . perhaps unspecified homomorphism of G onto G. On any group G a topology, called the profinite topology, is defined by taking, for a basis of neighbourhoods of the identity, the family of all normal subgroups of finite index. If we restrict the normal subgroup involved to having p-power index, where p is a prime number, then we Ž . obtain the pro-p topology. A subset S of a group G is profinitely closed in G if it is a closed set in the profinite topology on G; if it is closed in the pro-p topology, we say that it is p-closed. We need the following results on products of cyclic subgroups. Recall that a group is subgroup separable if every one of its finitely generated subgroups is profinitely closed. 
LEMMA 2.12. If the group G is 2-free and subgroup separable, then G is ² :² :
x y -separable, for all x, y g G. A ''potent'' group is one in which each nontrivial element can be mapped to an element of prescribed order in some finite homomorphic Ž . image. Such a group is necessarily torsion free. More precisely, a group Ä 4 G is potent if, for each g g G _ 1 , and for each positive integer n, there ² : ² n : is a normal subgroup N, of finite index in G, such that N l g s g .
An interesting result, due to Kim, is that a group is potent if it is w x residually a finite p-group, for all prime numbers p 9 . Therefore, we obtain the following result. Ž .
y r y 1 s ² :² y1 : whence, h¨h¨g N h¨h¨, and r s 0 s s, by our choice for N. But this means that divides both ␣ and ␤, so the proof is complete. REMARK 3.2. Under the conditions of the lemma, one has also that
divides the order of h. For, h s¨h¨only if h s¨h¨, from < < < < Ž < <. which it follows that also divides ␣ q h , so divides h s ␣ q h y ␣. We shall need this observation in the proof of our main theorem. Now we are ready to prove the principal result of this paper. The proof is long, and we need to consider several cases along the way. Proof. Note that both A and B are torsion free, and hence, that the ² : subgroup H s h is infinite cyclic. Let x and y be nonconjugate elements of G, and suppose, without loss of generality, that each of x and y has minimal length in its conjugacy class in G. Since G is residually finite w x 1 , we may suppose that x and y are nontrivial.
To show that x and y are conjugacy distinguished in G, we shall find finite homomorphic images A and B, of A and B, such that x and y are not conjugate in G s A) B. Since G is free-by-finite, therefore, G is H w x conjugacy separable 5 , so this is enough to show that x and y are conjugacy distinguished in G.
We consider several cases, as follows, according to the lengths of x and y. x s 0 and y s 1. Suppose that y g A _ h . Then no conjugate of y in A belongs to H, because y is of minimal length in its conjugacy class. Since A is cyclic conjugacy separable, there is a normal subgroup L, of finite index in A, such that in the quotient A s ArL the ² : conjugacy class of y is disjoint from h . Since B is residually p-finite, for w x all prime numbers p it follows that B is potent, by 9 . Hence, there is a normal subgroup M, of finite index in G,
follows that x and y are not conjugate H in G. x / y and one of x and y is at least 2. Using the assumptions that A and B are subgroup separable and potent, we can find a length preserving homomorphism of G onto a group of the form G s A) B, where A and B are finite homomorphic images of A and of H 5 5 5 5 B, respectively. Since we then have x / y , and since x and y have minimal lengths in their respective conjugacy classes, it follows that x and y are not conjugate in the conjugacy separable group G.
Case 4.
x s 1 and y s 1. Suppose, first, that x and y belong to the same factor; say, x, y g A _ H. Since A is cyclic conjugacy separable, there is a normal subgroup L , of finite index in A, such that no conjugate 1 ² : of xL , in ArL , belongs to hL . There is also a normal subgroup L , with finite index in A such that xL and yL are not conjugate in ArL . x s y G 2. This case is the most complicated, and we shall have to consider a few subcases as the argument progresses. The general approach may be outlined as follows.
We write x and y as cyclically reduced products 
The equation
Ž . obtained by applying to I i , has no integer solution ␣ .
i i
Let M and L denote the intersections of the L and the M , respec- The reader should bear in mind that the groups L and M just chosen 1 1 will be used throughout the remainder of the proof. 
AsA r L and B s BrM, and if we let G s A) B, then u f H¨H. It
follows that x is not conjugate to y in H, so we may take to be the 1 canonical homomorphism of G onto G.
In the remaining two subcases, we shall assume that u g H¨H, for Consequently, ␤ q ␣ must be nonzero and h and¨do not com- such that k y k s ␣, k q ␤ s l, and such that 0 q1 q1
Because L ; L and M ; M , we may conclude that divides each of 2 2 kq ␤ q ␣ and k and k . Since h commutes with¨, for -i F , q1 y1 i it follows that
< < This contradicts the fact that was chosen so that ) ␤ q ␣ . follows that divides ␣ q and, from the last equation we see that also Ž . Ž . divides y ␤. Hence, divides ␣ q ␤ s ␣ q y y ␤ . This contradicts our choice of , and establishes our claim that x and y are not conjugate in H, so we may take to be the canonical homomorphism of 1 G onto G. This completes the proof.
APPLICATIONS
With our proof of the main theorem now in hand, we are now ready to provide a number of applications mentioned in the Introduction. We begin by considering iterated generalised free products of free groups. 
² :
H s h is cyclic. Let u and g be members of G such that no conjugate of ² : g belongs to u . We seek a finite quotient group G of G such that the ² : conjugacy class of g in G is disjoint from u . It suffices, in fact, to find a homomorphic image of G of the form G s A) B, where A and B are H finite. For, such a group is cyclic conjugacy separable by Theorem 2.5. We can then find a normal subgroup K of G, with finite index, such that no conjugate of the image g in GrK belongs to the cyclic subgroup generated by the image of u. We may suppose that g and u have minimal lengths in their respective conjugacy classes in G. We shall consider several cases, as follows.
Ž . Case 1. u g h . If the length of g is at most 1 say g g A then, since A is cyclic conjugacy separable, there is a normal subgroup L, of finite ² : index in A, such that no conjugate of g belongs to u in the quotient w x group A s ArL. By Corollary 2.2 in 19 , since B is residually a finitely generated, torsion free nilpotent group, and is therefore potent, hence, there is normal subgroup M, of finite index in B, such that M l H s L l ² : H, and such that no two distinct elements of h in B s BrM are that no conjugate of g in G can belong to u . Now suppose that the length of g is at least 2; then g is cyclically reduced, because it has minimal length in its conjugacy class in G. Using the facts that A and B
² : are h -separable and h -potent, we may construct a length preserving epimorphism from G onto a group of the form G s A) B, where A and H B are finite homomorphic images of A and B, respectively. Since g then ² : has length equal to that of g, which is at least 2, and since u g h has ² : length equal to zero, it follows that no conjugate of g belongs to u . Case 2. u has length equal to 1. In this case, u belongs to one of the factors; for definiteness, say u g A. If the length of g is at least two, then we may proceed as in the second part of Case 1. If g belongs to A, then the argument used in the first part of Case 1 yields the desire result.
Suppose 
